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Motivation	– Reliability	

§ 𝜌 = !!
"

!#
"

§ For	unidimensional	tests:	
Coefficient	𝛼 or coefficient 𝜔"

§ For	multidimensional	tests:
§ Coefficient	𝜔!
§ Coefficient	𝜔" estimates	different	
form	of	reliability:	general	factor	
saturation	of	a	scale

Current Issues



Motivation	– Current	Issues

Higher-order	factor model

Solution:	

Make	all	methods	available	through	R	and	JASP

Investigate	six	confidence	intervals

Fit	the	higher-order	factor	model	in	the	Bayesian	framework

Uncertainty estimation is neglected in	reliability analysis

Confidence	intervals	for	𝜔! and	𝜔" are	rarely	researched

Credible	intervals	for	𝜔! and	𝜔" unavailable



Higher-Order Factor	Model	(second-order	factor	
model)

𝑋 = Λ 𝜂 + 𝜖

𝜂 = 𝛽 𝜉 + 𝛿 𝛽! 𝛽" 𝛽# 𝛽$ 𝛽%

Λ = 𝜆!, . . . . , 𝜆"&

𝜔' and	𝜔(



𝛽!" ≔ loadings	on	the common factor 𝜉

Λ!" ≔ factor loadings on	the group factors 𝜂

Ψ ≔ residual	covariance matrix

Higher-Order Factor	Model	– Coefficients	𝜔!
and	𝜔"

𝛽)*

Λ)*

Ψ

Higher-order	model Bi-factor model
Schmid-Leiman

Confidence Intervals

𝜔# =
∑𝛽!" 𝛽!"$ + ∑Λ!"Λ!"$

∑𝛽!" 𝛽!"$ + ∑Λ!"Λ!"$ + ∑Ψ

𝜔% =
∑𝛽!" 𝛽!"$

∑𝛽!" 𝛽!"$ + ∑Λ!"Λ!"$ + ∑Ψ



Confidence	Intervals

An	X%	confidence	interval	for	a	parameter	θ	is	an	interval	(L,	U)	generated	by	a	procedure	
that	in	repeated	sampling	has	an	X%	probability	of	containing	the	true	value	of	θ,	for	all	
possible	values	of	θ (Morey et	al.,	2016;	Neyman,	1937)

Frequentist	procedures	to	fit	the	higher-order	model:

§ Exploratory	Factor	Analysis	(EFA)

→	Bootstrap	intervals

§ Confirmatory	Factor	Analysis	(CFA)

→	Wald-type	interval

Bayesian Estimation



Bayesian	Estimation

Prior	
distribution Data Posterior	

Distribution

Be
ne
fit
s 95%	credible	interval	contains	𝜔#

with	95%	probability

Probability	that	𝜔# is	larger	than,	e.g.,		
.90

Priors



Bayesian	Estimation	– Priors

Factor	model:	

𝑋 = Λ 𝜂 + 𝜖

𝜂 = 𝛽 𝜉 + 𝛿

We	assume	𝑋 is	multivariate	normally	distributed:

Parameter 𝚲
Group	factor	
loadings

𝜷
Common	factor
loadings

𝝍𝝐
𝟐

Variances	of	
manifest	
residuals

𝝍𝜹
𝟐

Variances	of	
the	latent	
residuals

𝜴 = (𝝃, 𝜼)
Factor	scores	
of	all	latent	
variables

𝜱
Covariance	
matrix	of	
latent	
variables

Prior N(0,	Σ)) N(0,	𝜎*+) Γ,-(𝛼. , 𝛽.) Γ,-(𝛼/ , 𝛽/) N(0,	Σ0) W,-(𝜈, Ψ)

Procedure

Lee,	2007



Bayesian	Estimation	– Procedure	

1. MCMC:	Draw	consecutively	from	

conditional	posterior	distributions	of	the	

parameters	of	the	higher-order	factor	

model	(Lee,	2007)

2. Compute	𝜔! and	𝜔" for	each	posterior	

sample	of	factor	model	parameters	

(loadings	and	residuals)

Example



Example	– Impulsivity-Scale

UPPS-P	questionnaire	(Cyders	
et	al.,	2014):

§ Impulsivity	measured	by	20	
Likert-scaled	items

§ Items:	“I finish	what	I start”,	“I	
quite	enjoy	taking	risks”

Results



Example	– Impulsivity-Scale – Results	
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Data	from Lozano	et	al.	(2018)

4𝜔' = .869

95%	HPD	CI	[.852,	.886]

𝑝 𝜔'!"#$ > .80 = .219

𝑝 𝜔'!#%& > .80 = 1

4𝜔( = .65

95%	HPD	CI	[.601,	.697]

𝑝 𝜔(!$"#$ > .60 = .21

𝑝 𝜔(!#%& > .60 = .975

Convergence



Example	– Impulsivity-Scale	– Convergence	
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This	Photo by	Unknown	Author	is	licensed	
under	CC	BY

https://www.flickr.com/photos/43272765@N04/14234649100
https://creativecommons.org/licenses/by/3.0/


Example	– Impulsivity-Scale	- Posterior	predictive	check
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Model Implied Covariance Matrices

❗
Always	check	model	4it

Simulation



Simulation	– Setup	

Comparison	of	six	confidence	intervals…

EFA CFA

Bootstrap	confidence	intervals

Wald-type	confidence	interval

Standard	error	interval	(SE)

Standard	error	bias	corrected	interval	(SEBias)

Standard	error	log-transformed	interval	(SELog)

Percentile	interval	(Perc)

Bias	corrected	and	accelerated	interval	(BCA)

…	and	credible	intervals	for	𝜔, and		𝜔-
Results



Simulation	– Results	

95%	Coverage	results	(excerpt):

Interval	 𝝎𝒕 𝝎𝒉

SE .927 .946

SEBias .930 .940

SELog .934 .947

Perc .925 .954

BCA .935 .944

Wald .943 .941

Credible	interval	(HPD) .942 .942

9	items,	3	group	factors,	n	=	500,	𝜔# = .8,	𝜔$ = .6

generally	con;idence	intervals	and	

credible	intervals	agreed

the	SE,	SELog	,	and	Wald	intervals	

performed	well

the	Bayesian	credible	intervals	

performed	well

Conclusion



Conclusion

Uncertainty estimation is important

Well-performing	confidence	intervals	available	for	𝜔, and	𝜔-

Posterior	distributions	for	𝜔, and	𝜔- offer	simple	inferences	and	

interpretation

Recommendation



Conclusion	– Recommendation	

How	to	obtain	the	intervals	for	𝜔! and	𝜔":

§ In										:	

§ bootstrap	confidence	intervals:	psych-package

§ Wald	intervals:	lavaan-package	(tedious),	or	
Bayesrel-package	(easier)

§ Credible	intervals	and	posterior	probabilities	

through	the	Bayesrel-package

§ In										:	coming	soon…

Bayesrel 
Bayesian	reliability	estimates	for	

unidimensional	and	mutlidimensional	tests

By	J.M.	Pfadt,	D.	van	den	Bergh,	and	J.	Goosens

JASP
Statistics	program	with	GUI,	offers	standard	
analysis	procedures	in	both	their	classical	and	

Bayesian	form

By	EJ	Wagenmakers	and	Team,	University	of	Amsterdam
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